We study spatially flat isotropic universes driven by k-essence. It is shown that Friedmann and k-field equations may be analytically integrated for arbitrary k-field potentials during evolution with a constant baryotropic index. It follows that there is an infinite number of dynamically different k-theories with equivalent kinematics of the gravitational field. In general, the solutions we obtain do not require a linear behaviour of the scalar field as is usually assumed, but rather the functional form of the scalar field is linked to the k-potential. We show that there is a large "window" of stable solutions, and that the dust-like behaviour separates stable from unstable expansion. †Fellow of the Consejo Nacional de Investigaciones Científicas y Técnicas.
Introduction
To address the outstanding theoretical challenges of modern cosmology, especially the so-called coincidence problem, which questions as why is it exactly now, the universe driven by some sort of dark energy is accelerating, several authors have introduced and studied the so-called k-essence models [1, 2, 3, 4] .
Originally, the k-essence, or k-inflation, was introduced in [5] in order to bridge phenomenologically the string theories with inflation (see Ref. [6] for a recent review). The main ingredient of the k-essence is a scalar field, with non standard higher order kinetic terms. Interestingly enough, and contrary to what one could have expected, these non-standard terms do not necessarily lead to acausal propagation of the k-field [7] . Studying inflationary patterns with the k-fields the authors of [5] were able to show that k-field may drive an accelerated expansion of the universe starting from a generic initial conditions without an assistance of the usual potential terms.
In a different development [1, 2] , the k-essence was proposed as a dynamical solution to the coincidence problem. The basic idea of [1, 2] is that k-essence could play a role of a dynamical attractor at the onset of matter domination period introducing cosmic acceleration at present time. Further study of k-essence was performed recently in [4] . It was argued that in certain dynamical regimes the k-essence is equivalent to quintessence and it may prove difficult to distinguish between the two fields. In this paper we make a step further and show that the dynamically different k-theories can produce kinematically equivalent cosmological models.
The construction of cosmological models with tracker-like, or the attractor behaviour [8] , where the k-essence either mimics the equation of state of the matter-radiation component, or drives towards acceleration, is relied heavily on the existence of k-essence solutions which, re-written in terms of energy density and pressure, represent, hydrodynamically, fluids with a constant baryotropic index (BI). These, in turn, give rise to a power-law behaviour of the scale factor when the underlying geometry is that of a spatially flat isotropic universe.
In the case of a standard scalar field, the assumption that the solution has a constant BI leads to impose the proportionality of the scalar field potential to the kinetic term and finally results in an exponential potential for the scalar field. One may easily show that there is a one-to-one relation between the BI of the fluid and the slope of the exponential potential in the case of isotropic cosmology with flat spatial sections.
In the k-essence models studied earlier [1, 2, 3, 4] one would usually consider solutions where, during the k-field driven expansion with the constant BI, two things happen: i) The scalar field evolves linearly with time and ii) The k-field potential is an inverse square in terms of the k-field. The property ii) follows directly from i). The assumption i), triggered probably by the simplicity of finding solutions in the case of linear k-field, although permits to consider different k-theories, is too restrictive with the form of the k-potential and the evolution of the field itself.
The main purpose of this paper is to show that in the case of the k-essence, one may find solutions with arbitrary potentials and non-linear scalar fields, but still have a constant BI. If compared to an ordinary scalar field, or even to k-essence with a linear field, this comes rather as a surprise for in the above cases the requirement of a constant baryotropic index fixes the potential: the exponential in the case of an ordinary scalar field, or inverse square, in the case of a linear k-field. For the solutions we find, one can have a fixed evolution of the geometry, yet incredibly rich repertoire of scalar field behaviour and its k-potential. This could turn advantageous in modeling the observational data, on one hand, yet may turn quite confusing when interpreting the data, on the other.
The general framework
We start with a general Lagrangian
where φ is the scalar field and φ µ = ∂φ/∂x µ , and do not impose any conditions neither on V , nor F at this stage. One may easily figure out the energy-momentum tensor for (1):
Identifying (2) with the energy-momentum tensor of a perfect fluid we have
As usual in this setting we assume a spatially flat homogeneous and isotropic spacetime with line element
where a(t) is the scale factor and the expansion rate is defined as H =ȧ/a. The Einstein field equations then reduce to
and the conservation equation readṡ
The field equation for the φ field may be either obtained by substituting expressions (3) and (4) into the conservation equation (8), or varying directly the Lagrangian (1). Doing so, we get:
where V ′ = dV /V φ. On the other hand, assuming a "formal" equation of state of the form p φ = (γ − 1)ρ φ for the k-essence and dividing (7) by (6) we obtain the BI γ
We now assume that the BI is a constant. This kinematically leads to a power-law scale factor a = a 0 t 2/3γ . The first question we ask is, how stable are the solutions with the constant BI γ = γ 0 ?. To answer this question, we allow γ to vary with time. Differentiating the equation of state and using the conservation equation we findγ
which together with (3), (4) and (10) lead to
We further check as to whether γ = γ 0 are solutions to this equation at all. Obviously, there are two different ways for this to happen: either γ 0 = 1, or generically, the following stationary condition holdṡ
When the stationarity condition (13) holds, the potential V and the function F are related by:
Here, we have integrated (13) and inserted the solution into the Einstein equation (6) to fix the integration constant. For a positive potential V , the constrain (14) gives rise to two different theories depending on whether γ 0 < 1 or γ 0 > 1. In the case γ 0 < 1 we take the function F to be positive, whereas in the case γ 0 > 1 we take it negative. We denote these as F + and F − respectively. We now assume that the stationarity condition (13) holds. So, the equation (12) readsγ
Integrating, we find:
Here c is an integration constant. For the expanding universe and γ 0 < 1 we see that the solutions of (15) have the asymptotic limit γ 0 . Therefore, the solutions with constant BI γ 0 are attractors in the case γ 0 < 1. This attractor behaviour holds even for superaccelerated universes [9] with γ 0 < 0. The limit γ 0 → 1, should be considered apart, and the solution of the equation (15) is
where c is an integration constant. Hence, for an expanding universe the solution with γ 0 = 1 is stable as well . The γ 0 = 1 solutions separate stable from unstable regions in the phase space (for a positive expansion rate) as can be easily seen from the equation (15), and since γ 0 = 1 corresponds to dust, we conclude that the dust-like solutions define the border line between stable and unstable behavior. It is probably worthwhile to mention that the above stability analysis is simple and direct as compared to the study performed directly in the field variables using the solution φ ∝ t as an input.
Power-law solutions
As from now we stick to the solutions with the constant BI γ. It follows then that the Einstein and the field equations (6), (9) have two different classes of solutions:
1) The solutions with constant x = x 0 = −φ 2 .
In this case for γ = const = 0 we have a = a 0 t 2/3γ , the first term of the l.h.s. of the eq. (9) vanishes, and the consistent solution of eqs. (6), (9) becomes φ = ± √ −x 0 t and
with an arbitrary F evaluated at x = x 0 . We will not discuss these solutions further, since these were thoroughly investigated and exploited in model building in [1, 2] . The particular case with x 0 = 0 (φ = φ 0 ) must be solved apart and gives a de Sitter solution a = a 0 e √ V F/3 t for arbitrary F evaluated at x = 0 and constant potential V .
2) Solutions with x = const.
In this case the conservation equation (8) can be readily integrated to find the first integral of the field equation (9) V F γ = ρ 0 a 3γ .
Comparing this expression with the constrain equation (6) we are lead to the relation (14) between the potential V and the function F . Hence, the integration constants a 0 and ρ 0 are left fixed to ρ 0 = 4(1 − γ)a 3γ 0 /3γ 2 . We now look at (10) as a differential equation for F (x). Its immediate general solution is
Without any loss of generality, one may fix the integration constant c = ±1. The two corresponding families of solutions are then F + γ and F − γ respectively. Inserting the last equation into (3) and (4) we get two possibilities
and
where we have assumed that both the k-potential and the energy density are positive definite.
Inserting (20) into (14) one gets a relation of the form t 2 V ∝φ γ/1−γ . Finally, the general relations connecting the field φ and the potential V follows:
The (+) branch in equation (23) corresponds to γ < 1 while the (−) branch to γ > 1. For linear φ the integral (23) is not defined and this situation corresponds to the first class (i) of the solutions. The relations (23) and (24) should be read as follows: given V (φ), one may integrate and obtain t = t(φ), invert and find φ = φ(t). Then F (x) is still given by (20). Note, that for a fixed γ (fixed power of the scale factor) one has different potentials and different field evolutions, and consequently different k-theory. It looks as the k-essence theories have a considerable amount of freedom in choosing the theory, the potential and the scalar field behaviour, all describing the same kinematics of the universe. This sounds somewhat "fantastic" for these are not just simple field redefinitions, and all the theories with the different φ and V are dynamically different.
Some examples
So far so good for the generalities. Let us now consider several examples.
It follows then, that while for a fixed γ, the function F γ remains the same in terms of the kinetic energy, the freedom still exists in choosing the potential and the field behaviour by "playing" with the constant n. Kinematically, all the solutions with different n but equivalent γ produce the same expansion pattern. Put in terms of a particular case, say radiation, one has that all solutions with V = φ n , φ = t 2 n+4 and F = x 2 describe radiation dominated expansion.
b) Stiff fluid
The γ = 2 case must be treated separately, as seen from (24). In this case F γ=2 = −φ 2 , and V , φ and t are linked by
since there are no conditions on φ, we chooseφ = t n , so
and therefore obtain from (26)
Thus, one may have stiff fluid behaviour with V ∝ φ −2 and φ ∝ t n . Just as a curiosity we could have chosen:
Then the potential is inverted and reads:
For completeness, in the particular case n = −1 we have
which after using (26) leads to constant k-potential V = 1/3. This may all appear quite puzzling at first. However, the telling point is, that if one deals with the Einstein field equations, the gravitational field is fixed by the algebraic form of the stress-energy tensor which appears on the r.h.s. of these equations. Once the two algebraic forms are equivalent, irrespectively of the fields the stress tensor is constructed from, the geometry remains the same. In the case at hand, the potential function V (φ) does not determine the BI. It is superfluous in this sense. Once the identification between the k-essence and the perfect fluid is made the geometry is identified by the value of the BI. Yet, the k-potential V plays a role in the field equation (9) , and in spite of the fact that the γ factor is fixed, there still remains the freedom to choose φ(t) and V (φ(t)), but not F γ (x).
Conclusions
In this paper we have studied particular solutions to the Einstein Equations coupled to k-essence. Imposing spatially flat isotropic geometry we have shown that different k-theory Lagrangians may lead to the same kinematical evolution of the universe. In particular, we have concentrated on the solutions with the constant BI. These solutions play a pivotal role in the model construction and can be studied from the perspective of the kessence approach. We have argued that the models with the constant BI, looked in terms of the k-essence cosmology, are stable for γ 0 ≤ 1 and thus are attractors. These solutions can be used for specific model building. The problem which arises, however, is the following: if there is an infinite number of dynamically different but kinematically equivalent k theories defining the same evolution of the gravity field, how can we distinguish what really drives the expansion? The problem can be traced to somewhat artificial liberty to choose the three functions φ, V (φ) and F (φ) which can be linked by the Einstein Equations, but not completely determined. At least one of the functions remains free. Now, one may try invoking the physical meaningfulness arguments. For example, one may impose some form of restrictions on F and V , then the solution would be presumably unique. It is not clear, however, what restrictions and why one should impose. In this sense it looks, that the quintessence picture [10] , where only the scalar field and its potential determine the theory, gives at least a sort of more deterministic approach, unless a deeper understanding of the underlying fundamental theories such as M or superstrings, from where the idea of the k-essence is borrowed, is achieved.
